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Abstract
Using a general result of Lusztig, we find the decomposition into irreducibles of certain induced charac-
ters of the projective general linear group over a finite field of odd characteristic.
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1. Introduction
Let q be a power of an odd prime, and Fq the finite field with q elements. Fix an even integer
n  2. Consider the ordinary (complex) character theory of the projective general linear group
PGLn(Fq) = {g¯ | g ∈ GLn(Fq)}, where g¯ denotes the coset of g relative to Z(GLn(Fq)) ∼= F×q .
The aim of this paper is to calculate the decomposition into irreducible characters of the following
induced characters:
IndPGLn(Fq )PGSpn(Fq )(1), Ind
PGLn(Fq )
PGO+n (Fq )
(1), and IndPGLn(Fq )PGO−n (Fq )(1).
Specifically, for each of these induced characters I and for each irreducible character χ we will
give a (manifestly nonnegative) combinatorial formula for the multiplicity 〈χ, I 〉, in the same
spirit as the formulas given in [2] for the corresponding induced characters of GLn(Fq).
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conjugacy). The group PGLn(Fq) acts on the set
PGLn(Fq)symm =
{
h¯ ∈ PGLn(Fq) | ht = h¯
}= {h¯ | h ∈ GLn(Fq), ht = ±h}
by the rule g¯.h¯ = ghgt ; we can think of PGLn(Fq)symm as the set of equivalence classes of non-
degenerate symmetric and skew-symmetric bilinear forms on Fnq , where two forms are equivalent
if they are scalar multiples of each other. The subgroup PGSpn(Fq) (also called PCSpn(Fq)) is
the stabilizer of an equivalence class of nondegenerate skew-symmetric forms. The subgroup
PGO+n (Fq) is the stabilizer of an equivalence class of nondegenerate symmetric forms whose
Witt index is n/2, and PGO−n (Fq) is the stabilizer of an equivalence class of nondegenerate
symmetric forms whose Witt index is n/2 − 1. Since these three types of forms precisely give
the three orbits of PGLn(Fq) on PGLn(Fq)symm, the character of the corresponding permutation
representation is just the sum of the three induced characters we are calculating.
The reason for excluding the case when n is odd is that it is already known: PGLn(Fq)
acts transitively on PGLn(Fq)symm, and the stabilizer PGOn(Fq) is the image of On(Fq) =
SOn(Fq)× {±1}; in other words, PGOn(Fq) = PSOn(Fq). Hence if n is odd,〈
χ, IndPGLn(Fq )PGOn(Fq )(1)
〉
=
〈
χ, IndGLn(Fq )SOn(Fq )(1)
〉
=
〈
χ, IndGLn(Fq )
On(Fq )
(1)
〉
, (1.1)
where χ is regarded as an irreducible character of GLn(Fq) via the canonical projection
GLn(Fq) → PGLn(Fq). Thus [2, Theorem 4.1.1] gives a formula for this multiplicity.
By contrast, when n is even, the image in PGLn(Fq) of the stabilizer of h in GLn(Fq), namely{
g¯ ∈ PGLn(Fq) | ghgt = h
}= {g¯ ∈ PGLn(Fq) | ghgt = αh, ∃α ∈ (F×q )2},
is a subgroup of index 2 in the stabilizer of h¯ in PGLn(Fq), namely{
g¯ ∈ PGLn(Fq) | ghgt = αh, ∃α ∈ F×q
}
.
(The fact that α can take nonsquare values can be seen directly for n = 2 and then deduced for
general even n.) If ω denotes, in each case, the homomorphism from the latter stabilizer to {±1}
whose kernel is this subgroup, we have〈
χ, IndPGLn(Fq )PGSpn(Fq )(1)
〉
+
〈
χ, IndPGLn(Fq )PGSpn(Fq )(ω)
〉
=
〈
χ, IndGLn(Fq )
Spn(Fq )
(1)
〉
,〈
χ, IndPGLn(Fq )PGO+n (Fq )(1)
〉
+
〈
χ, IndPGLn(Fq )PGO+n (Fq )(ω)
〉
=
〈
χ, IndGLn(Fq )
O+n (Fq )
(1)
〉
,〈
χ, IndPGLn(Fq )PGO−n (Fq )(1)
〉
+
〈
χ, IndPGLn(Fq )PGO−n (Fq )(ω)
〉
=
〈
χ, IndGLn(Fq )
O−n (Fq )
(1)
〉
. (1.2)
So the formulas we are seeking cannot be deduced from the results in [2], but once found they
can be combined with those results to give formulas for the induced characters Ind(ω) in the
three cases. (If q ≡ 1 mod 4 and n ≡ 2 mod 4, this gives nothing substantially different, because
ω is then the restriction of the unique nontrivial homomorphism PGLn(Fq) → {±1}.)
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PGLn(Fq )
PGSpn(Fq )
(1) must be also, so our formula merely
specifies which constituents of the former are constituents of the latter; in the other cases, we
have the inequalities
0
〈
χ, IndPGLn(Fq )PGOn(Fq )(1)
〉

〈
χ, IndGLn(Fq )
On(Fq )
(1)
〉
, (1.3)
which will be obviously satisfied by our formulas.
Our approach will be the same as that of [2]: namely, we use Lusztig’s formula [4, Theo-
rem 3.3] for the inner product 〈Rλ
T
, I 〉, where Rλ
T
is a Deligne–Lusztig character of PGLn(Fq)
and I is one of the above induced characters. Since the irreducible characters are linear combi-
nations of the Deligne–Lusztig characters with known coefficients, all that remains is to interpret
Lusztig’s formula combinatorially and to manipulate it using various facts about characters of
symmetric groups.
This paper does not attempt to be self-contained, and reference is freely made to the arguments
and definitions of [2]. However, the more limited scope of the present inquiry (no unitary groups,
no inner involutions) enables slight simplifications in the exposition and in the notation, which
I hope will make the reader’s job easier.
Since the complete formulas (Theorems 2.1 and 2.2 below) cannot be stated until we have in-
troduced further notation, here are the answers in the special case of unipotent characters. Recall
that the unipotent characters of GLn(Fq), all of which factor through PGLn(Fq), are parame-
trized by partitions of n, ρ 	→ χρ ; in our conventions, χ(n) is the trivial character and χ(1n) is the
Steinberg character. We have
〈
χρ, IndPGLn(Fq )PGSpn(Fq )(1)
〉
=
〈
χρ, IndGLn(Fq )
Spn(Fq )
(1)
〉
=
{
1, if ρ is even,
0, otherwise. (1.4)
In other words, the unipotent constituents of IndGLn(Fq )
Spn(Fq )
(1) are all constituents of IndPGLn(Fq )PGSpn(Fq )(1)
also. As for the other cases, recall from [2] that
〈
χρ, IndGLn(Fq )
On(Fq )
(1)
〉
= 1
2
∏
i
(
mi(ρ)+ 1
)+{ 12, if ρ′ is even,
0, otherwise.
(1.5)
Here mi(ρ) denotes the multiplicity of i as a part of ρ, and ρ′ is the transpose partition (which
is even if and only if mi(ρ) is even for all i). The new formula is:
〈
χρ, IndPGLn(Fq )PGOn(Fq )(1)
〉
= 1
4
∏
i
(
mi(ρ)+ 1
)+{ 12, if ρ′ is even,
0, otherwise,
+
⎧⎪⎨⎪⎩
(−1) 12 (ρ)1
4
∏
i
(
m2i (ρ)+ 1
)
, if 2 | m2i+1(ρ), ∀i,
0, otherwise.
(1.6)
Here (ρ)1 =∑i m2i+1(ρ) is the number of odd parts of ρ.
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(4) (31) (22) (212) (14)
IndPGL4(Fq )PGSp4(Fq )(1) 1 0 1 0 0
IndPGL4(Fq )
PGO+4 (Fq )
(1) 1 1 2 1 2
IndPGL4(Fq )
PGO−4 (Fq )
(1) 1 1 1 1 1
Example. The multiplicities of the unipotent characters of PGL4(Fq) in the above induced char-
acters are given in Table 1.
See (2.7) below for the complete decomposition in the case n = 2.
2. Notation and statement of results
For general combinatorial notation, we follow [5]. For instance, we write μ  m to mean that
μ is a partition of m; the size m can then be written |μ|. The nonzero parts of μ are μ1  μ2 
· · ·  μ(μ). The transpose partition is μ′. For i ∈ Z+, the multiplicity of i as a part of μ is
written mi(μ). We say that μ is even if all its parts are even, or equivalently if 2 | mi(μ′), ∀i.
We write wμ for a permutation in S|μ| whose cycle-type is μ (determined up to conjugacy),
μ ∈ {±1} for its sign, and zμ for the order of its centralizer in S|μ|.
As well as (μ) for the length of μ, we will use the notations (μ)0 and (μ)1 for the number
of even and odd (nonzero) parts of μ, respectively. Note that μ = (−1)(μ)0 . On occasion we
will need to further analyze (μ)0 into (μ)0 mod 4 and (μ)2 mod 4.
For any finite group Γ , Γ̂ denotes the set of irreducible (complex) characters of Γ . We have
Ŝm = {χρ | ρ  m}, where χρ is as in [5, I.7]. Write χρμ for the value of χρ at an element of
cycle-type μ, so that χ(m)μ = 1 and χρ
′
μ = μχρμ .
Throughout the paper, we fix an algebraic closure k of Fq , a k-vector space V of dimension n
(our fixed even positive integer) and a Frobenius map F :V → V relative to Fq . Let G = GL(V ),
G = PGL(V ), and write F also for the induced Frobenius maps on these groups. Thus GF ∼=
GLn(Fq) and GF ∼= PGLn(Fq). For any subgroup H of G, we write H for the image of H under
the canonical projection G → G; in other words, H = HZ/Z where Z = Z(G) ∼= k× is the
kernel. Because the Lang map of Z is surjective, we have a short exact sequence 1 → ZF →
(HZ)F → HF → 1. (But note that (HZ)F is in general larger than HFZF , so HF → HF is
not necessarily surjective.)
As in [5, Chapter IV], we need to define the ‘dual group’ of k×: consider the system of maps
F̂×qe → F̂×qe′ for e | e′ (the transpose of the norm map), and its direct limit L = lim−→ F̂
×
qe . Let σ
denote the qth power map on both k× and L, so that (k×)σ e ∼= F×qe , Lσ
e ∼= F̂×qe for all e  1.
Write 〈·,·〉e :F×qe × Lσ
e → C× for the canonical pairing, which is ‘bimultiplicative’ in the sense
that
〈α1α2, ξ 〉e = 〈α1, ξ 〉e〈α2, ξ 〉e, 〈α, ξ1ξ2〉e = 〈α, ξ1〉e〈α, ξ2〉e,
for all α,α1, α2 ∈ F×qe , ξ, ξ1, ξ2 ∈ Lσ
e
. We will use without comment the following rules relating
the pairings 〈·,·〉d and 〈·,·〉e when d | e:
120 A. Henderson / Journal of Algebra 307 (2007) 116–135• if α ∈ F×
qd
and ξ ∈ Lσe , then
〈α, ξ 〉e =
〈
α, ξ1+qd+q2d+···+qe−d
〉
d
;
• if α ∈ F×qe and ξ ∈ Lσ
d
, then
〈α, ξ 〉e =
〈
α1+qd+q2d+···+qe−d , ξ
〉
d
;
• if α ∈ F×
qd
and ξ ∈ Lσd , then
〈α, ξ 〉e = 〈α, ξ 〉e/dd .
When e = 1 we omit the subscript in 〈·,·〉e and write simply 〈·,·〉.
We fix some set of representatives for the orbits of the group 〈σ 〉 generated by σ on L, and
call it 〈σ 〉 \ L. For ξ ∈ 〈σ 〉 \ L, let mξ = |〈σ 〉.ξ |, in other words the smallest e  1 such that
ξq
e = ξ . Let N(ξ) = ξ1+q+q2+···+qmξ−1 ∈ Lσ . Let dξ = 〈−1,N(ξ)〉 = 〈−1, ξ 〉mξ , which is 1
if Lσ
mξ
contains square roots of ξ , and −1 if it does not. (Calling this sign dξ is the piece of
notation in [2] I most regret, but it would be too confusing to change now.) Let η denote the
unique element of Lσ with order 2; note that dη = 1 if and only if q ≡ 1 (mod 4).
Let P̂n be the set of collections of partitions ν = (νξ )ξ∈L, almost all zero, such that∑
ξ∈L |νξ | = n. Let P̂σn be the subset of P̂n of all ν such that νσ(ξ) = νξ for all ξ . Note that
for ν ∈ P̂σn , ∑
ξ∈〈σ 〉\L
mξ |νξ | = n. (2.1)
For ν,ρ ∈ P̂σn , we write |ν| = |ρ| to mean that |νξ | = |ρξ | for all ξ . For ν ∈ P̂σn we define
Π(ν) :=
∏
ξ∈L
ξ |νξ | =
∏
ξ∈〈σ 〉\L
N(ξ)|νξ | ∈ Lσ ,
and let P̂σn denote the subset of P̂σn consisting of all ν such that Π(ν) = 1. Finally, if ν ∈ P̂σn is
such that mξ |νξ | is always even, we define
Φ(ν) :=
∏
ξ∈〈σ 〉\L
〈√
β, ξ
〉
mξ |νξ |
for some
√
β ∈ Fq2 \ Fq whose square β lies in Fq . We have Φ(ν) ∈ {±1} since its square is
〈β,Π(ν)〉 = 1. Moreover, Φ(ν) is independent of the element √β used to define it, because
multiplying
√
β by γ ∈ F×q multiplies Φ(ν) by 〈γ,Π(ν)〉 = 1.
Now there is a well-known bijection between P̂σn and the set of GF -orbits of pairs (T ,λ)
where T is an F -stable maximal torus of G and λ ∈ T̂ F . If (T ,λ) is in the orbit corresponding
to ν under this bijection, we have the following properties:
• the fixed lines of T can be labeled{
L(ξ,j,i) | ξ ∈ 〈σ 〉 \L, 1 j  (νξ ), i ∈ Z/mξ (νξ )jZ
} (2.2)
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each L(ξ,j,i);
• consequently,
T F ∼=
∏
ξ∈〈σ 〉\L
(νξ )∏
j=1
F×
q
mξ (νξ )j
(2.3)
via the map sending t to the collection (α(ξ,j,1));
• for t ∈ T F as above,
λ(t) =
∏
ξ∈〈σ 〉\L
(νξ )∏
j=1
〈α(ξ,j,1), ξ 〉mξ (νξ )j . (2.4)
From (2.4) it is clear that λ is trivial on ZF if and only if Π(ν) = 1. Hence we obtain a bijection
between P̂σn and the set of GF -orbits of pairs (T ,λ) where T is an F -stable maximal torus of G
and λ ∈ T̂ F .
For ν ∈ P̂σn , let Bν be the corresponding basic character of GF , defined by Green in [1]. As
proved by Lusztig in [3], this coincides with the character of the Deligne–Lusztig virtual repre-
sentation RλT for (T ,λ) in the corresponding GF -orbit. From either point of view it is clear that
Bν(zg) = 〈z,Π(ν)〉Bν(g) for all g ∈ GF and z ∈ ZF . For ν ∈ P̂σn , Bν may be viewed as a char-
acter of GF ; it is again the character of the corresponding Deligne–Lusztig representation Rλ
T
.
Green’s main result on the character theory of GLn(Fq) states that for any ρ ∈ P̂σn ,
χρ := (−1)n+
∑
ξ∈〈σ 〉\L |ρξ |
∑
ν∈P̂σn|ν|=|ρ|
( ∏
ξ∈〈σ 〉\L
(zνξ )
−1χρξνξ
)
Bν (2.5)
is an irreducible character of GF , and all irreducible characters arise in this way for unique
ρ ∈ P̂σn . (Note that our parametrization differs from that in [5, Chapter IV] by transposing all
partitions.) Inverting the transition matrix, we have that for any ν ∈ P̂σn ,
Bν = (−1)n+
∑
ξ∈〈σ 〉\L |νξ |
∑
ρ∈P̂σn
|ρ|=|ν|
( ∏
ξ∈〈σ 〉\L
χ
ρξ
νξ
)
χρ. (2.6)
Moreover, χρ(zg) = 〈z,Π(ρ)〉χρ(g) for all g ∈ GF and z ∈ ZF , so the characters which de-
scend to irreducible characters of GF are exactly {χρ | ρ ∈ P̂σn }. This includes the unipotent
irreducible characters referred to in the introduction, which are those χρ for which ρξ = 0 un-
less ξ = 1. (In the introduction we parametrized these by ρ = ρ1.)
With this notation we can state the results of this paper, which should be compared with
[2, Theorem 2.1.1] and [2, Theorem 4.2.1], respectively.
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χρ, IndPGLn(Fq )PGSpn(Fq )(1)
〉
=
{
1, if all ρξ are even and
∏
ξ∈〈σ 〉\L N(ξ)|ρξ |/2 = 1,
0, otherwise.
(Note that if all ρξ are even,
∏
ξ∈〈σ 〉\L N(ξ)|ρξ |/2 is either 1 or η, since its square is Π(ρ) = 1.)
Theorem 2.2. For any ρ ∈ P̂σn and  ∈ {±1},
〈
χρ, IndPGLn(Fq )PGOn(Fq )(1)
〉
=
⎧⎪⎪⎨⎪⎪⎩
1
4
∏
ξ∈〈σ 〉\L
dξ=1
(∏
i
(
mi(ρξ )+ 1
))
, if dξ = −1 ⇒ ρ′ξ is even,
0, otherwise,
+
{ 1
2
, if all ρ′ξ are even and
∏
ξ∈〈σ 〉\L N(ξ)|ρξ |/2 = 1,
0, otherwise,
+
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
±1
4
∏
ξ∈〈σ 〉\L
dξ=1
2mξ
(∏
i
(
m2i (ρξ )+ 1
)) ∏
ξ∈〈σ 〉\L
dξ=1
2|mξ
(∏
i
(
mi(ρξ )+ 1
))
,
if dξ = 1, 2  mξ ⇒ 2 | m2i+1(ρξ ), ∀i,
and dξ = −1 ⇒ ρ′ξ even,
0, otherwise,
where the sign ±1 in the third term is
(−1)n/2 Φ(ρ)
∏
ξ∈〈σ 〉\L
dξ=1
2mξ
(−1)(ρξ )2 mod 4 .
(Note that the third term can only be nonzero if all mξ |ρξ | are even, so Φ(ρ) is defined.)
Example. The elements of P̂σ2 can be written in ‘exponential notation’ as follows:
1(2), 1(1
2), η(2), η(1
2), and ξ (1)
(
ξ−1
)(1) for ξ ∈ (Lσ ∪Lσ˜ ) \ {1, η}.
Here Lσ˜ = {ξ ∈ L | ξq = ξ−1}. Theorem 2.1 states that the only irreducible constituent of
IndPGL2(Fq )PGSp2(Fq )(1) is the trivial character χ
1(2)
, which is correct because PGSp2(Fq) = PGL2(Fq).
In Table 2, each row contains, for a particular element of P̂σ2 , the value of the three terms of the
right-hand side of Theorem 2.2, and their sum.
In the third and fourth rows we have used the fact that 〈√β,η〉2 = 〈−β,η〉 = −dη, for √β
as above. In the last row, we have used the facts that dξ = 1 and 〈√β, ξ 〉2 = d˜ξ , where d˜ξ is the
sign in the equation
√
ξ
q = ±√ξ−1. So Theorem 2.2 implies:
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1(2) 12 0
1
2 1
1(12) 34
1
2  − 14
1, if  = 1
0, if  = −1
η(2)
{ 1
2 , if dη = 1
0, if dη = −1
}
0
{
− 12
0
}
0
η(1
2)
{ 3
4 , if dη = 1
1
4 , if dη = −1
}
0
{ 1
4
− 14
}
1, if dη = 1
0, if dη = −1
ξ (1)(ξ−1)(1),
ξ ∈ Lσ \ {1, η}
{
1, if dξ = 1
0, if dξ = −1
}
0 0
1, if dξ = 1
0, if dξ = −1
ξ (1)(ξ−1)(1),
ξ ∈ Lσ˜ \ {1, η}
1
2 0 − 12 d˜ξ
0, if d˜ξ = 1
1, if d˜ξ = −1
IndPGL2(Fq )PGO+2 (Fq )
(1) = χ1(2) + χ1(12) +
{
χη
(12)
, if dη = 1
0, if dη = −1
}
+
∑
ξ∈Lσ \{1,η}
dξ=1
χξ
(1)(ξ−1)(1) +
∑
ξ∈Lσ˜ \{1,η}
d˜ξ=−1
χξ
(1)(ξ−1)(1) ,
IndPGL2(Fq )PGO−2 (Fq )
(1) = χ1(2) +
{
χη
(12)
, if dη = 1
0, if dη = −1
}
+
∑
ξ∈Lσ \{1,η}
dξ=1
χξ
(1)(ξ−1)(1) +
∑
ξ∈Lσ˜ \{1,η}
d˜ξ=−1
χξ
(1)(ξ−1)(1) . (2.7)
In the sums, only one representative of each pair {ξ, ξ−1} should be taken. Of course, these
decompositions are known and easy to calculate directly. (As Theorem 2.2 makes clear, the fact
that they are multiplicity-free is specific to the case n = 2.)
As mentioned in the introduction, we will prove Theorems 2.1 and 2.2 in the equivalent forms
involving the basic characters Bν . Applying (2.6), these are:
Theorem 2.3. For any ν ∈ P̂σn ,
〈
Bν, Ind
PGLn(Fq )
PGSpn(Fq )
(1)
〉
=
⎧⎪⎨⎪⎩
∏
ξ∈〈σ 〉\L
∑
ρξ|νξ |
ρξ even
χ
ρξ
νξ , if all |νξ | are even and
∏
ξ∈〈σ 〉\L N(ξ)|νξ |/2 = 1,
0, otherwise.
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〈
Bν, Ind
PGLn(Fq )
PGOn(Fq )
(1)
〉
= 1
4
∏
ξ∈〈σ 〉\L
dξ=1
(−1)|νξ |
∑
ρξ|νξ |
(∏
i
(
mi(ρξ )+ 1
))
χ
ρξ
νξ
∏
ξ∈〈σ 〉\L
dξ=−1
∑
ρξ|νξ |
ρ′ξ even
χ
ρξ
νξ
+
⎧⎪⎪⎨⎪⎪⎩
1
2

∏
ξ∈〈σ 〉\L
∑
ρξ|νξ |
ρ′ξ even
χ
ρξ
νξ ,
if all |νξ | are even and∏
ξ∈〈σ 〉\L N(ξ)|νξ |/2 = 1,
0, otherwise
+ Φ(ν)
4
∏
ξ∈〈σ 〉\L
dξ=1
2mξ
∑
ρξ|νξ |
2|m2i+1(ρξ ),∀i
(−1) 12 |ρξ |+(ρξ )2 mod 4
(∏
i
(
m2i (ρξ )+ 1
))
χ
ρξ
νξ
×
∏
ξ∈〈σ 〉\L
dξ=1
2|mξ
(−1)|νξ |+ 12 mξ |νξ |
∑
ρξ|νξ |
(∏
i
(
mi(ρξ )+ 1
))
χ
ρξ
νξ
×
∏
ξ∈〈σ 〉\L
dξ=−1
(−1) 12 mξ |νξ |
∑
ρξ|νξ |
ρ′ξ even
χ
ρξ
νξ .
Here the sign (−1)n+
∑
ξ∈〈σ 〉\L |νξ | of (2.6) has been rewritten as ∏ξ∈〈σ 〉\L(−1)|νξ | and then
distributed among the factors as appropriate. Also, in the last term of Theorem 2.4, the sign
(−1)n/2 of Theorem 2.2 has been rewritten as ∏ξ∈〈σ 〉\L(−1) 12 mξ |νξ | and then distributed among
the factors (each of which can only be nonzero when mξ |νξ | is even, so this and Φ(ν) make
sense). Theorems 2.3 and 2.4 will be deduced from Lusztig’s formula in the next two sec-
tions.
3. Proof of Theorem 2.3
The proof of Theorem 2.3 is mostly identical to that of [2, (2.1.1)], but we will go through
all the steps again as a warm-up for the more complicated arguments in the next section. We
fix a nondegenerate skew-symmetric bilinear form B on V , compatible with F in the sense that
B(F(v),F (v′)) = B(v, v′)q . Let θ :G → G be the involution defined by
B
(
θ(g)v, v′
)= B(v,g−1v′), ∀g ∈ G, v, v′ ∈ V,
and let K = Gθ = Sp(V ,B). We have Fθ = θF , so K is F -stable, and KF is what we have been
calling Spn(Fq).
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of G, it is clear that Gθ = K = KZ/Z, since
KZ = {g ∈ G | B(gv,gv′) = αB(v, v′), ∀v, v′ ∈ V, ∃α ∈ k×},
the group called either GSpn or CSpn. However, as mentioned in the introduction,
KFZF = {g ∈ GF | B(gv,gv′) = αB(v, v′), ∀v, v′ ∈ V, ∃α ∈ (F×q )2}
is a subgroup of index 2 in
(KZ)F = {g ∈ GF | B(gv,gv′) = αB(v, v′), ∀v, v′ ∈ V, ∃α ∈ F×q },
so the image of KF → KF is of index 2 in KF . The group KF is what we have been calling
PGSpn(Fq).
Now let ν ∈ P̂σn , and fix an F -stable maximal torus T of G and a character λ ∈ T̂ F such that
the pair (T ,λ) is in the GF -orbit corresponding to ν under the bijection described in the previous
section. Let T be the preimage of T in G, a maximal torus of G. We want to deduce Theorem 2.3
from Lusztig’s formula [4, Theorem 3.3] for the inner product 〈Bν, IndGF
KF
(1)〉. A key ingredient
in the formula is the set
ΘT :=
{
f¯ ∈ G | θ(f¯−1T f¯ )= f¯−1T f¯ }.
Since T ⊃ Z, it is obvious that ΘT is the image of the analogous set
ΘT :=
{
f ∈ G | θ(f−1Tf )= f−1Tf }.
For f ∈ ΘT , f−1Tf is a θ -stable maximal torus of G, or in other words the stabilizer of a
decomposition V =⊕ni=1 Li into lines with the property that L⊥j =⊕i =w(j) Li for some in-
volution w ∈ Sn with no fixed points. (Here L⊥j is the subspace perpendicular to Lj under B .)
If t ∈ f−1Tf has eigenvalue αi on Li for all i, then θ(t) has eigenvalue α−1w(i) on Li for all i;
thus t lies in f−1Tf ∩ K if and only if αiαw(i) = 1 for all i, and the image t¯ of t lies in
f¯−1T f¯ ∩ K if and only if αiαw(i) = β for all i, for some β ∈ k×. From this the following
result is obvious.
Proposition 3.1. For all f¯ ∈ ΘT , f¯−1T f¯ ∩K is connected and ZG(f¯−1T f¯ ∩K) = f¯−1T f¯ .
Under these circumstances, Lusztig’s formula takes a simpler form. Define
ΘF
T ,λ
:= {f¯ ∈ ΘF
T
∣∣ λ|(T∩f¯−1Kf¯ )F = 1}.
This is clearly a union of T F –KF double cosets, and [4, Theorem 3.3] implies that〈
Bν, IndG
F
KF
(1)
〉= ∣∣T F \ΘF
T ,λ
/KF
∣∣. (3.1)
We now aim to express the right-hand side in terms of ν.
Let W(T ) = NG(T )/T be the Weyl group of T (isomorphic to the symmetric group Sn),
and let W(T )ff–inv be the subset corresponding to the fixed-point-free involutions in Sn. For any
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the above involution w of the fixed lines of f−1Tf . It is clear that wf depends only on f¯ ∈ ΘT .
Proposition 3.2. The map f¯ 	→ wf induces a bijection T \ΘT /K
∼−→ W(T )ff–inv.
Proof. This follows trivially from the corresponding statement for G, which is [2, Proposi-
tion 2.0.1]. 
Proposition 3.3. The map f¯ 	→ wf induces a bijection T F \ΘF
T
/KF
∼−→ W(T )Fff–inv.
Proof. Clearly the map in Proposition 3.2 is F -stable, so we get a bijection
(T \ΘT /K)F
∼−→ W(T )Fff–inv.
Now regard T \ΘT /K as the set of orbits of the group T ×K on ΘT . Since T ×K is connected,
Lang’s theorem implies that T F \ ΘF
T
/KF → (T \ ΘT /K)F is surjective. To prove injectivity,
we need only check that the stabilizers in T ×K of points in ΘT are connected, which is exactly
what the first part of Proposition 3.1 says. (Note that in the proof of the corresponding result
[2, Lemma 2.1.2], the words ‘injective’ and ‘surjective’ need to be swapped!) 
The next step is to identify the subset of W(T )Fff–inv which corresponds under this bijection to
the set we are trying to enumerate, T F \ΘF
T ,λ
/KF . Define
W(T )Fλ,ff–inv :=
{
w ∈ W(T )Fff–inv | λ
(
wt
)= λ(t), ∀t ∈ T F }.
(Here we are abusing notation by writing λ also for the pull-back of λ to T F .) Now
[2, Lemma 2.1.3] states that for f ∈ ΘFT , f ∈ ΘFT,λ ⇔ wf ∈ W(T )Fλ,ff–inv. This follows im-
mediately from the fact that(
T ∩ fKf−1)F = {t ∈ T F | wf t = t−1}= {(wf t)t−1 | t ∈ T F }. (3.2)
However, for f¯ ∈ ΘF
T
the analogous result is not quite true, since
T F
f¯
:= {(wf t¯)t¯−1 | t¯ ∈ T F }
is a subgroup of index 2 in (
T ∩ f¯ Kf¯−1)F = {t¯ ∈ T F | wf t¯ = t¯−1}.
To see this, recall that the fixed lines of T can be labeled L(ξ,j,i) as in (2.2), so W(T ) can be
viewed as the group of permutations of the triples (ξ, j, i). If t ∈ T F has eigenvalue α(ξ,j,i) on
L(ξ,j,i), then
wf t¯ = t¯−1 ⇐⇒ α(ξ,j,i)αwf (ξ,j,i) = β, ∀(ξ, j, i), for some β ∈ F×q , (3.3)
A. Henderson / Journal of Algebra 307 (2007) 116–135 127whereas
t¯ ∈ T F
f¯
⇐⇒ α(ξ,j,i)αwf (ξ,j,i) = β, ∀(ξ, j, i), for some β ∈ (F×q )2. (3.4)
Consequently, the correct analogue of [2, Lemma 2.1.3] is:
Lemma 3.4. For f¯ ∈ ΘF
T
, f¯ ∈ ΘF
T ,λ
if and only if wf ∈ W(T )Fλ,ff–inv and λ(t0) = 1 for some
(hence any) t0 ∈ T F whose eigenvalues {α(ξ,j,i)} have the property that α(ξ,j,i)αwf (ξ,j,i) = β ,
∀(ξ, j, i), for some β ∈ F×q \ (F×q )2.
As in [2, §1.4], the set W(T )Fλ,ff–inv can be described using (2.2)–(2.4). Let Λ be the set of
pairs (ξ, j) where ξ ∈ 〈σ 〉 \ L and 1 j  (νξ ). (In [2], this and the related sets were denoted
Λ(ν), etc.) Any w ∈ W(T )Fλ,ff–inv defines a partition Λ = Λ2w
∐
Λ3w such that:
• for all (ξ, j) ∈ Λ2w , (νξ )j is even and
w(ξ, j, i) =
(
ξ, j, i + 1
2
mξ(νξ )j
)
for all i ∈ Z/mξ (νξ )jZ;
• for all (ξ, j) ∈ Λ3w ,
w(ξ, j, i) = (ξ, j˜ , i + i(w, ξ, j)) for all i ∈ Z/mξ (νξ )jZ,
where (ξ, j˜ ) ∈ Λ3w , j˜ = j , (νξ )j˜ = (νξ )j , and i(w, ξ, j) is some fixed ‘shift’ in
mξZ/mξ (νξ )jZ.
(The set Λ1w will appear in the next section; it is empty here because we are dealing with fixed-
point-free involutions.) Clearly (ξ, j) 	→ (ξ, j˜ ) is a fixed-point-free involution of Λ3w; we will
write Λ˜3w for an arbitrarily chosen set of representatives of its orbits. Note that the existence
of w ∈ W(T )Fλ,ff–inv forces each |νξ | to be even.
As explained in [2, §1.4, §2.1], the above description gives a bijection between W(T )Fλ,ff–inv
and
∏
ξ∈〈σ 〉\L Z
νξ
ff–inv, where Z
ν
ff–inv denotes the set of fixed-point-free involutions in S|ν| which
commute with a given element wν of cycle-type ν; essentially this bijection is defined by dividing
the shifts 12mξ(νξ )j and i(w, ξ, j) by mξ .
Now suppose t0, α(ξ,j,i), β are as in Lemma 3.4. Since t0 ∈ T F , we have α(ξ,j,i+1) = αq(ξ,j,i)
for all (ξ, j, i). Clearly the condition α(ξ,j,i)αwf (ξ,j,i) = β is equivalent to the conjunction of the
following conditions:
• for all (ξ, j) ∈ Λ2wf , α1+q
1
2 mξ (νξ )j
(ξ,j,1) = β;
• for all (ξ, j) ∈ Λ3wf , α(ξ,j,1)αq
i(wf ,ξ,j)
(ξ,j˜ ,1)
= β .
Hence
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∏
ξ∈〈σ 〉\L
(νξ )∏
j=1
〈α(ξ,j,1), ξ 〉mξ (νξ )j
=
∏
(ξ,j)∈Λ2wf
〈
α
1+qmξ +q2mξ +···+q((νξ )j−1)mξ
(ξ,j,1) , ξ
〉
mξ
×
∏
(ξ,j)∈Λ˜3wf
〈
α
1+qmξ +q2mξ +···+q((νξ )j−1)mξ
(ξ,j,1) α
1+qmξ +q2mξ +···+q((νξ )j˜−1)mξ
(ξ,j˜ ,1)
, ξ
〉
mξ
=
∏
(ξ,j)∈Λ2wf
〈
β
1
2 (νξ )j , ξ
〉
mξ
∏
(ξ,j)∈Λ˜3wf
〈
β(νξ )j , ξ
〉
mξ
=
∏
(ξ,j)∈Λ2wf
〈
β,N(ξ)
〉 1
2 (νξ )j
∏
(ξ,j)∈Λ˜3wf
〈
β,N(ξ)
〉(νξ )j
=
〈
β,
∏
ξ∈〈σ 〉\L
N(ξ)
1
2 |νξ |
〉
.
Note that
∏
ξ∈〈σ 〉\L N(ξ)
1
2 |νξ | is a square root of Π(ν) = 1. So Lemma 3.4 can be restated as
follows:
Proposition 3.5. If all |νξ | are even and ∏ξ∈〈σ 〉\L N(ξ) 12 |νξ | = 1, T F \ ΘFT ,λ/KF is in bijection
with W(T )Fλ,ff–inv. Otherwise, Θ
F
T ,λ
is empty.
Combining this with Lusztig’s formula (3.1), we deduce
Proposition 3.6. For any ν ∈ P̂σn ,
〈
Bν, IndG
F
KF
(1)
〉=
⎧⎨⎩
∏
ξ∈〈σ 〉\L
|Zνξff–inv|, if all |νξ | are even and
∏
ξ∈〈σ 〉\L N(ξ)
1
2 |νξ | = 1,
0, otherwise.
This implies Theorem 2.3 by the same combinatorial fact used in [2, §2.1]: namely,
∣∣Zνff–inv∣∣= ∑
ρ|ν|
ρ even
χρν . (3.5)
A reference for this fact is [5, VII(2.4)].
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In this section we fix a nondegenerate symmetric bilinear form B on V , compatible with F in
the sense that B(F(v),F (v′)) = B(v, v′)q . Let θ :G → G be the involution defined by
B
(
θ(g)v, v′
)= B(v,g−1v′), ∀g ∈ G, v, v′ ∈ V,
and let K = Gθ = O(V,B). Note that K has two components, with K◦ = SO(V ,B); since
K ∩ Z = {±1} ⊂ K◦, Gθ = K = KZ/Z has two components also. This group K is what is
known as PGOn.
We have Fθ = θF , so K is F -stable. The Witt index of B on V F is either n/2 or n/2 − 1,
and accordingly KF ∼= PGOn(Fq) where  = +1 or −1. As in the previous section, the image
of KF → KF is an index-2 subgroup of KF (not equal to the index-2 subgroup (K◦)F ).
Fix ν ∈ P̂σn , and define T ,λ,T ,ΘT ,ΘT ,W(T ) ∼= Sn as in the previous section. Let W(T )inv
denote the set of involutions in W(T ) (including 1). For any f ∈ ΘT , f−1Tf is the stabilizer
of a decomposition V =⊕ni=1 Li into lines with the property that L⊥j =⊕i =w(j) Li for some
involution w ∈ Sn, and we define wf ∈ W(T )inv by requiring that f−1wf f ∈ W(f−1Tf ) cor-
responds to w. It is clear that wf depends only on f¯ ∈ ΘT .
Proposition 4.1. The map f¯ 	→ wf induces a bijection T \ΘT /K
∼−→ W(T )inv.
Proof. This follows trivially from the corresponding statement for G, which is [2, Proposi-
tion 4.0.2]. 
However, the analogue of Proposition 3.3 is false, since neither K nor T ∩ f¯ Kf¯−1 for general
f¯ ∈ ΘF
T
is connected. Instead, we have the following result, where ν denotes the sign of the
permutation by which F acts on the fixed lines of T :
Proposition 4.2. The map f¯ 	→ wf induces a map T F \ ΘF
T
/KF → W(T )Finv. If ν = , this
map is surjective. If ν = −, the image is W(T )Finv \W(T )Fff–inv.
Proof. This follows trivially from the corresponding statement for GF , which is [2, Lem-
ma 4.2.2]. 
To state Lusztig’s formula in this case, we need to introduce, for any f¯ ∈ ΘF
T
, the function
T ,f¯ : (T ∩ f¯ Kf¯−1)F → {±1} defined by
T ,f¯ (t¯ ) = (−1)Fq-rank(ZG((T∩f¯ Kf¯
−1)◦))+Fq-rank(Z◦
G
(t¯)∩ZG((T∩f¯ Kf¯−1)◦)).
It follows from [4, Proposition 2.3] that T ,f¯ is a group homomorphism which factors through
(T ∩ f¯ Kf¯−1)F /((T ∩ f¯ Kf¯−1)◦)F . We can then define
ΘF := {f¯ ∈ ΘF ∣∣ λ|(T∩f¯ Kf¯−1)F = T ,f¯ }.T ,λ T
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Bν, IndG
F
KF
(1)
〉= ∑
f¯∈T F \ΘF
T ,λ
/KF
(−1)Fq-rank(T )+Fq-rank(ZG((T∩f¯ Kf¯−1)◦)). (4.1)
Our immediate aim is to use the map f¯ 	→ wf to turn the right-hand side into a sum over a
suitable subset of W(T )Finv.
As in the previous section, we view W(T ) as the group of permutations of the triples (ξ, j, i)
in (2.2). If f¯ ∈ ΘT , and t ∈ T has eigenvalue α(ξ,j,i) on L(ξ,j,i), then
t¯ ∈ T ∩ f¯ Kf¯−1 ⇐⇒ α(ξ,j,i)αwf (ξ,j,i) = β, ∀(ξ, j, i), for some β ∈ k×. (4.2)
Unlike in the previous section, wf is now allowed to have fixed points; the eigenvalues α(ξ,j,i)
where wf (ξ, j, i) = (ξ, j, i) must all be square roots of β . It is clear that the additional condition
required in order that t¯ ∈ (T ∩ f¯ Kf¯−1)◦ is that all these square roots are equal.
This allows us to prove a partial analogue of Lemma 3.4. Define
W(T )Fλ,inv :=
{
w ∈ W(T )Finv | λ
(
wt
)= λ(t), ∀t ∈ T F }.
(Once again we are blurring the distinction between λ and its pull-back to T F .)
Lemma 4.3. If f¯ ∈ ΘF
T ,λ
, then wf ∈ W(T )Fλ,inv.
Proof. From our description of (T ∩ f¯ Kf¯−1)◦, it is clear that for all t ∈ T the element (wf t¯)t¯−1
lies in (T ∩ f¯ Kf¯−1)◦. Since T ,f¯ is trivial on ((T ∩ f¯ Kf¯−1)◦)F , the assumption f¯ ∈ ΘFT ,λ
implies that λ((wf t¯)t¯−1) = 1 for all t ∈ T F . Thus wf ∈ W(T )Fλ,inv. 
The set W(T )Fλ,inv contains the set W(T )
F
λ,ff–inv used in the previous section and can be de-
scribed similarly. Namely, any w ∈ W(T )Fλ,inv defines a partition Λ = Λ1w Λ2w Λ3w such that
for (ξ, j) ∈ Λ1w , w(ξ, j, i) = (ξ, j, i) for all i ∈ Z/mξ (νξ )jZ, and Λ2w and Λ3w are as before.
Define Λ˜3w as before also, and let iw = |Λiw|. Note that since n is even,∑
(ξ,j)∈Λ1w
mξ (νξ )j is even. (4.3)
As explained in [2, §1.4], this description gives a bijection between W(T )Fλ,inv and∏
ξ∈〈σ 〉\L Z
νξ
inv, where Z
ν
inv denotes the set of fixed-point-free involutions in S|ν| which com-
mute with a given element wν of cycle-type ν; this bijection is defined by dividing all shifts
by mξ .
Now we define a subset X of W(T )Fλ,inv by the rule that w ∈ X if and only if (νξ )j is even
for all (ξ, j) ∈ Λ1w with dξ = −1. (In [2, §4] this was called Xνinv.) Also let Y be the subset
of W(T )Fλ,inv defined by the requirement that mξ(νξ )j is even for all (ξ, j) ∈ Λ1w . Trivially
W(T )F ⊆ X ∩ Y . We can measure the noninjectivity of the map in Proposition 4.2:λ,ff–inv
A. Henderson / Journal of Algebra 307 (2007) 116–135 131Proposition 4.4. Let w ∈ W(T )Fλ,inv. The number of double cosets T F f¯ KF in T F \ ΘFT /KF
such that wf = w equals⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0, if w ∈ W(T )Fλ,ff–inv and ν = −,
1, if w ∈ W(T )Fλ,ff–inv and ν = ,
21w−1, if w ∈ Y \W(T )Fλ,ff–inv,
21w−2, if w ∈ W(T )Fλ,inv \ Y .
Proof. Let f¯ ∈ ΘF
T
be such that wf ∈ W(T )Fλ,inv. The number of T F – KF double cosets in
(T f¯K)F can be calculated by the same method as in [2, Lemma 4.1.3]: it is the index in the
group
H :=
{
((ξ,j,i)) ∈
∏
(ξ,j)∈Λ1wf
(±1)mξ (νξ )j
∣∣∣ ∏
(ξ,j,i)
(ξ,j,i) = 1
}
of the subgroup H ′ defined by the further requirement that either
∏
i (ξ,j,i) = 1 for all
(ξ, j) ∈ Λ1wf or
∏
i (ξ,j,i) = (−1)mξ (νξ )j for all (ξ, j) ∈ Λ1wf . If wf ∈ W(T )Fλ,ff–inv, then Λ1wf
is empty and H is trivial, so the index is 1. Otherwise,
|H | = 2(
∑
(ξ,j)∈Λ1wf
mξ (νξ )j )−1
. (4.4)
If wf ∈ Y \ W(T )Fλ,ff–inv, then the two possibilities in the definition of H ′ are the same, so
|H ′| = 2
∑
(mξ (νξ )j−1) and the index is 2
1
wf
−1
. If wf /∈ Y , then H ′ is twice as large (bearing in
mind (4.3)), so the index is 2
1
wf
−2
. Combining this with Proposition 4.2, we have the result. 
To complete the interpretation of (4.1), we define, for each w ∈ Y , the sign
Φ(w) :=
∏
(ξ,j)∈Λ1w
(−1) 12 mξ (νξ )j
∏
(ξ,j)∈Λ2w
d
1
2 mξ (νξ )j
ξ
∏
(ξ,j)∈Λ˜3w
d
mξ (νξ )j
ξ .
Proposition 4.5. Let f¯ ∈ ΘF
T
be such that wf ∈ W(T )Fλ,inv.
(1) Fq -rank(T )+ Fq -rank(ZG((T ∩ f¯ Kf¯−1)◦)) ≡ 1wf (mod 2).
(2) f¯ ∈ ΘF
T ,λ
if and only if either wf ∈ X \ Y , or wf ∈ X ∩ Y and Φ(wf ) = Φ(ν).
Proof. The Fq -rank of T is  − 1, where  = |Λ| = ∑ξ∈〈σ 〉\L (νξ ) is the total number of
pairs (ξ, j). Using the description of (T ∩ f¯ Kf¯−1)◦ given after (4.2) we see that
ZG
((
T ∩ f¯ Kf¯−1)◦)= (GL( ⊕
(ξ,j,i)
(ξ,j)∈Λ1w
L(ξ,j,i)
)
×
∏
(ξ,j,i)
(ξ,j)/∈Λ1w
GL
(
L(ξ,j,i)
))/
Z, (4.5)f f
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(ξ,j)∈Λ1wf
mξ (νξ )j + − 1wf − 1,
and (1) follows using (4.3). To prove (2), recall that by definition f¯ ∈ ΘF
T ,λ
iff T ,f¯ (t¯ ) = λ(t¯)
for all t¯ ∈ (T ∩ f¯ Kf¯−1)F . Take t ∈ T F ; as in the previous section, its eigenvalues satisfy
α(ξ,j,i+1) = αq(ξ,j,i). By (4.2), t¯ ∈ (T ∩ f¯ Kf¯−1)F if and only if, for some β ∈ F×q :
• for all (ξ, j) ∈ Λ1wf , α2(ξ,j,1) = β;
• for all (ξ, j) ∈ Λ2wf , α1+q
1
2 mξ (νξ )j
(ξ,j,1) = β;
• for all (ξ, j) ∈ Λ3wf , α(ξ,j,1)αq
i(wf ,ξ,j)
(ξ,j˜ ,1)
= β .
If we let ±√β denote the two square roots of β in F×
q2
, then
Z◦
G
(t¯)∩ZG
((
T ∩ f¯ Kf¯−1)◦)= (GL( ⊕
(ξ,j,i)
(ξ,j)∈Λ1wf
α(ξ,j,i)=√β
L(ξ,j,i)
)
× GL
( ⊕
(ξ,j,i)
(ξ,j)∈Λ1wf
α(ξ,j,i)=−√β
L(ξ,j,i)
)
×
∏
(ξ,j,i)
(ξ,j)/∈Λ1wf
GL(L(ξ,j,i))
)/
Z. (4.6)
If β ∈ (F×q )2, then (±
√
β)q = ±√β , so the Fq -rank of this group is the same as that of
ZG((T ∩ f¯ Kf¯−1)◦). On the other hand, if β ∈ F×q \ (F×q )2, then (±
√
β)q = ∓√β , so F in-
terchanges the first two GL factors, which means that the Fq -rank of this group differs from
that of ZG((T ∩ f¯ Kf¯−1)◦) by 12
∑
(ξ,j)∈Λ1wf mξ (νξ )j ; moreover, mξ(νξ )j must be even for all
(ξ, j) ∈ Λ1wf . Thus
T ,f¯ (t¯ ) =
⎧⎨⎩1, if β ∈ (F
×
q )
2
,
(−1)
1
2
∑
(ξ,j)∈Λ1wf
mξ (νξ )j
, if β ∈ F×q \ (F×q )2,
(4.7)
the second case being possible only when wf ∈ Y . Now consider λ(t¯) = λ(t). If β ∈ (F×q )2, then
λ(t) =
∏
(ξ,j)∈Λ1wf
〈
α(ξ,j,1),N(ξ)
〉(νξ )j ∏
(ξ,j)∈Λ2wf
〈
β,N(ξ)
〉 1
2 (νξ )j
∏
(ξ,j)∈Λ˜3wf
〈
β,N(ξ)
〉(νξ )j
=
∏
(ξ,j)∈Λ1w
〈
α(ξ,j,1)
√
β
−1
,N(ξ)
〉(νξ )j ,
f
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by 〈√β,Π(ν)〉 = 1. Since the elements α(ξ,j,1)√β−1 for (ξ, j) ∈ Λ1wf are all ±1, and any choice
of signs is possible, we see that λ(t¯) = 1 for all such t¯ if and only if wf ∈ X. So it only remains to
consider the case when wf ∈ X ∩ Y and t¯ is such that β ∈ F×q \ (F×q )2. Since 〈−1, ξ 〉mξ (νξ )j = 1
for all (ξ, j) ∈ Λ1wf , we have
λ(t) =
∏
(ξ,j)∈Λ1wf
〈√
β, ξ
〉
mξ (νξ )j
∏
(ξ,j)∈Λ2wf
〈
β
1
2 (νξ )j , ξ
〉
mξ
∏
(ξ,j)∈Λ˜3wf
〈
β(νξ )j , ξ
〉
mξ
= Φ(ν)
∏
(ξ,j)∈Λ2wf
d
1
2 mξ (νξ )j
ξ
∏
(ξ,j)∈Λ˜3wf
d
mξ (νξ )j
ξ ,
where we have used the fact that 〈β, ξ 〉mξ = dmξξ 〈
√
β, ξ 〉2mξ . The result follows. 
Combining (4.1), Lemma 4.3, Propositions 4.4 and 4.5, we deduce that
〈
Bν, IndG
F
KF
(1)
〉= 1
2
(1 + ν)
∑
w∈W(T )Fλ,ff–inv
{
1 if Φ(w) = Φ(ν)
0 if Φ(w) = −Φ(ν)
}
+
∑
w∈(X∩Y)\W(T )Fλ,ff–inv
2
1
w−1(−1)1w
{
1 if Φ(w) = Φ(ν)
0 if Φ(w) = −Φ(ν)
}
+
∑
w∈X\Y
2
1
w−2(−1)1w .
After some slight rearrangement, and noting that for w ∈ W(T )Fλ,ff–inv we have Φ(w)Φ(ν) =
〈β,∏ξ∈〈σ 〉\L N(ξ) 12 |νξ |〉, this becomes
〈
Bν, IndG
F
KF
(1)
〉= 1
4
∑
w∈X
(−2)1w
+
{ 1
2
ν
∣∣W(T )Fλ,ff–inv∣∣, if all |νξ | are even and ∏ξ∈〈σ 〉\L N(ξ) 12 |νξ | = 1,
0, otherwise
+ Φ(ν)
4
∑
w∈X∩Y
Φ(w)(−2)1w . (4.8)
The final step is to use the bijection W(T )Fλ,inv
∼−→∏ξ∈〈σ 〉\L Zνξinv to identify the three terms
of (4.8) with the three terms of Theorem 2.4.
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∑
w∈X
(−2)1w =
∏
ξ∈〈σ 〉\L
dξ=1
( ∑
wξ∈Zνξinv
(−2)1wξ (νξ )
) ∏
ξ∈〈σ 〉\L
dξ=−1
( ∑
wξ∈Zνξinv
1wξ (νξ )1=0
(−2)1wξ (νξ )
)
, (4.9)
where 1w(ν) and 1w(ν)1 are defined as in [2, §1.4]. Hence we need only invoke the combinatorial
facts:
∑
w∈Zνinv
(−2)1w(ν) = (−1)|ν|
∑
ρ|ν|
(∏
i
(
mi(ρ)+ 1
))
χρν , (4.10)
and ∑
w∈Zνinv
1w(ν)1=0
(−2)1w(ν) =
∑
ρ|ν|
ρ′ even
χρν , (4.11)
which are [2, (4.1.2) and (4.1.3)].
The second term of (4.8) has also been done: in [2, §4.2] it is observed that
ν
∣∣W(T )Fλ,ff–inv∣∣= ∏
ξ∈〈σ 〉\L
νξ
∣∣Zνξff–inv∣∣, (4.12)
and using (3.5) we obtain the second term of Theorem 2.4.
It only remains to analyze the third term of (4.8). It is clear that under the bijection
W(T )Fλ,inv
∼−→∏ξ∈〈σ 〉\L Zνξinv, the subset X ∩ Y of W(T )Fλ,inv corresponds to the set{
(wξ ) ∈ Zνξinv | 1wξ (νξ )1 = 0 whenever 2  mξ or dξ = −1
}
.
Therefore
∑
w∈X∩Y
Φ(w)(−2)1w =
∏
ξ∈〈σ 〉\L
dξ=1
2mξ
∑
wξ∈Zνξinv
1wξ (νξ )1=0
(−1)1wξ (νξ )2 mod 4(−2)1wξ (νξ )
×
∏
ξ∈〈σ 〉\L
dξ=1
2|mξ
(−1) 12 mξ |νξ |
∑
wξ∈Zνξinv
(−2)1wξ (νξ )
×
∏
ξ∈〈σ 〉\L
dξ=−1
(−1) 12 mξ |νξ |
∑
wξ∈Zνξinv
1w (νξ )1=0
(−2)1wξ (νξ ). (4.13)ξ
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mξ is odd and 1wξ (νξ )1 = 0,
1
2
∑
j∈Λ1wξ (νξ )
mξ (νξ )j ≡
∑
j∈Λ1wξ (νξ )
1
2
(νξ )j ≡ 1wξ (νξ )2 mod 4 (mod 2),
and in the second group of factors we have used the fact that when mξ is even,
1
2
∑
j∈Λ1wξ (νξ )
mξ (νξ )j ≡ 12mξ |νξ | (mod 2).
To finish the proof of Theorem 2.4, we apply (4.10) to the second group of factors, (4.11) to the
third group of factors, and the following identity to the first group of factors:∑
w∈Zνinv
1w(ν)1=0
(−1)1w(ν)2 mod 4(−2)1w(ν)
=
∑
ρ|ν|
2|m2i+1(ρ),∀i
(−1) 12 |ρ|+(ρ)2 mod 4
(∏
i
(
m2i (ρ)+ 1
))
χρν . (4.14)
This is merely [2, (4.3.2)] with both sides multiplied by (−1) 12 |ν|.
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